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Abstract
The η′ meson is associated with the U(1) anomaly. In this paper a successful chiral
field theory of mesons has been applied to study the anomalous decay of η′ → 4pi. In
the study the contributions of both the triangle and the box anomalies are calculated.
Theoretical results agree with data well. There is no new parameter in this study.
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It is well known that the η′ meson is associated with the U(1) anomaly [1]. Anomaly
is a fantastic phenomena in quantum field theory. In two flavor case the Lagrangian of
U(2)L × U(2)R chiral field theory of quarks and mesons (0−+, 1−−, and 1++) has been
constructed [2] as
L = ψ¯{iγ · ∂ + γ · v + γ · aγ5 −mu}ψ − ψ¯Mψ + 1
2
m20{ρρ+ ωω + aa+ ff}, (1)
where u = exp{i(pi+η8)γ5} and M is the 2X2 quark mass matrix. Detailed explanation of the
quantities in Eq.(1) can be found in [2]. In Ref. [3] this Lagrangian (1) has been extended to
the case of three flavors in which the η′ meson is included in the new u = exp{i(pi+K+η8+η0)γ5}.
In Eq. (1) there is no kinetic terms of the mesons which are bound state solutions of QCD
and they are not independent degree of freedoms in QCD. The kinetic terms of the meson
fields are generated by the quark loop diagrams and the physical meson fields are defined,
for example [2,3],
2
fpi
π → πphysical , 2
√
2
fpi
η′ → η′physical (2)
where the pion decay constant fpi is defined in Ref.[2] and fpi = 186MeV is taken. After
defining the kinetic term of the ρ meson, a universal coupling constant g is defined [2] and
the value of g is determined by inputting the decay rate of ρ→ e−e+
g = 0.395. (3)
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In this chiral field theory meson loops are in higher order in NC expansion, low energy
expansion and chiral limit are taken. The theory has been applied to study the masses, the
decay widths and the scattering of mesons, for example, many theoretical studies can be
found in Refs. [2,3,4] and there are many others. Theory is in good agreement with data. In
the chiral limit, mq → 0, there are fpi and g two parameters. It is shown that at low energies
(energy E < mρ) [5] this chiral field theory goes back to the ChPT and the coefficients of
the ChPT are determined [5].
The triangle anomaly : π0 → γγ, η → γγ, and η′ → γγ are reveled from this theory [2,3].
The anomalous decay ω → 3π is studied [2,6], in which both triangle and box anomaly are
calculated and the triangle anomaly is dominant. The anomalous decays ω → πγ, ρ → πγ
are studied too and theoretical results are in good agreement with data. In all those studies
[2,3] the calculations are up to the 4th order in covariant derivatives. It is called low energy
approximation and it works well. In this study this low energy approximation is still applied.
The decay widths of η′ → π+π−π+π− and η′ → π+π−π0π0 are measured in Refs. [7,8].
Based on the combination of chiral perturbation theory and vector-meson-dominance (VMD)
theoretical study of these two decays have been done [9] before the measurement by BES III
[8] and after CLEO’s measurement [7]. The vector mesons ρ, ω, and φ are included in this
chiral field theory and the VMD is natural result of this meson theory [2,3]. In this paper
the theory [2,3] is applied to study the anomalous decay η′ → 4π.
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In the theory [2] both the pion and the η′ fields have two sources : from the term u of
the Lagrangian (1) and from the shift
aiµ →
1
g
(1− 1
2π2g2
)−
1
2aiµ −
c
g
2
fpi
∂µπ
i, fµ → 1
g
(1− 1
2π2g2
)−
1
2 fµ − c
g
2
√
2
fpi
∂µη
′. (4)
where
c =
f 2pi
2gm2ρ
. (5)
Eqs. (4) are resulted in the mixing of aiµ∂µπ
i and fµ∂µη
′ which are generated by corresponding
quark loop diagrams [2,3]. The constant 1
2pi2g2
is the renormalization constant of the aiµ and
fµ fields [2,3] respectively.
The theory [3] has been applied to study the normal decay η′ → ηππ [3] and the theory
agrees with the data well. Up to the 4th order in covariant derivatives the triangle anomaly
of the meson η′ is expressed as [3]
Lη′vv(triangle) = NC
(4π)2
4
g2
2
√
2
fpi
εµναβη′{(
√
2
3
cosθ +
1√
3
sinθ)(∂µρ
i
ν∂αρ
i
β + ∂µων∂αωβ) +
(
√
2
3
cosθ − 2√
3
sinθ)∂µφν∂αφβ}, (6)
where the θ is the mixing angle and θ = −200 is taken.
The η′ → γγ; ργ; ωγ anomalous decay modes have been studied by using this La-
grangian (6). Theory agrees with data without new parameter.
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In this paper the anomaly η′ → ρ0ρ0 → π+π−π+π− is studied by apply the Lagrangian (6)
first. In Ref. [9] Guo, Kubis, and Wirzba using the ChPT (Chiral Perturbation Theory) and
VMD model predict BR(η′ → π+π−π+π−) = (1.0± 0.3)× 10−4 and BR(η′ → π+π−π0π0) =
(2.4± 0.7)× 10−4. In this letter these anomalous decay modes are studies by the chiral field
theory [2,3] which has been successfully applied to study η′ → γγ, ργ, ωγ. Theory agrees
with data well. The triangle anomaly (6) contributes to η′ → ρ0ρ0 → π+π−π+π− and the
amplitude is expressed as Eq. (7)
T (1) =
NC
(4π)2
2
√
2
fpi
32
g2
(
√
2
3
cosθ +
1√
3
sinθ)mη′ǫijkk1ik2jk3k
{ fρpipi(q
2
1)
q21 −m2ρ + i
√
q21Γρ(q
2
1)
fρpipi(q
2
2)
q22 −m2ρ + i
√
q22Γρ(q
2
2)
− fρpipi(q
2
3)
q23 −m2ρ + i
√
q23Γρ(q
2
3)
fρpipi(q
2
4)
q24 −m2ρ + i
√
q24Γρ(q
2
4)
}, (7)
where q1 = k1 + k2; q2 = k3 + k4; q3 = k1 + k4; q4 = k2 + k3 and ki, i = 1, 2, 3, 4 are the
momentum of the four pions repectively.
fρpipi =
2
g
{1 + q
2
2π2f 2pi
[(1− 2c
g
)2 − 4π2c2]},
Γ(ρ→ ππ) = f
2
ρpipi(q
2)
48π
√
q2(1− 4m
2
pi
q2
)
3
2 , (8)
where q is the momentum of the ρ meson. Taking q2 = m2ρ, Γρ = 150MeV is obtained and
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it agrees with the data. The branch ratio of η′ → π+π−π+π− obtained from the triangle
diagrams (7) is
Brtriangle = 4.16× 10−5, (9)
The data [8] is
Br = (8.53± 0.69(stat)± 0.64(sys))× 10−5. (10)
The contribution of the triangle diagram (7) is smaller than the data. It is shown in Refs.[2,3]
the triangle anomaly (6) via the VMD has been applied to study the anomalous decays:
η′ → γγ; ωγ, ργ successfully. However, the contribution of the Eq. (6) with ρ → 2π is
smaller than the data.
Naturally, the box anomaly η′ → ρ0π+π−, ρ0 → π+π− is required to be included. In
the study of ω → 3π both the triangle, ω → ρπ, ρ → 2π and the box diagram ω → 3π
are included and the contribution of the box diagram is very small. In the box diagrams of
η′ → ρ+ 2π, ρ→ 2π the ρ resonance boosts the contributions of the box diagrams.
There are many box diagrams for the process η′ → ρ0π+π−. The effective Lagrangian of
all box diagrams is obtained as
Lη′ρpipi = 1
g
8
√
2
f 3pi
NC
3π2
(
√
2
3
cosθ +
√
1
3
sinθ)(
1
2
− 2c
g
+
c2
g2
)
εµναβ∂µρ
0
ν∂απ
+∂βπ
−. (11)
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The amplitude of the box digram is obtained from Eq. (11)
T (2) =
1
g
8
√
2
f 3pi
NC
3π2
(
√
2
3
cosθ +
√
1
3
sinθ)(
1
2
− 2c
g
+
c2
g2
)
mη′ǫijkk1ik2jk3k{ fρpipi(q
2
1)
q21 −m2ρ + i
√
q21Γρ(q
2
1)
+
fρpipi(q
2
2)
q22 −m2ρ + i
√
q22Γρ(q
2
2)
− fρpipi(q
2
3)
q23 −m2ρ + i
√
q23Γρ(q
2
3)
− fρpipi(q
2
4)
q24 −m2ρ + i
√
q24Γρ(q
2
4)
}, (12)
where q1 = k1 + k2, q2 = k3 + k4, q3 = k1 + k4, q4 = k2 + k3.
Adding both the triangle and the box diagrams (7,12) the amplitude of the decay η′ →
π+π−π+π− the total amplitude is obtained and the decay rate is calculated to be
Brtriangle+Box = 8.73× 10−5. (13)
The theoretical prediction (13) is in good agreement with the measurement by BES III [8].
It is interesting to notice, roughly, that the amplitude of the box diagrams is about 0.46 of
the amplitude of the amplitude of the triangle diagrams.
Of course, there is pentagon diagram for the decay η′ → π+π−π+π−. In the pentagon
diagrams there is no ρ resonance, therefore, it is believed that the contribution of the pen-
tagon diagrams to this decay mode is small and the calculation of these pentagon diagrams
is not presented in this paper.
The η′ → π+π−π0π0 is another decay mode and have been measured [7,8]. The decay
mode η′ → π+π−π+π− is related to the π+π−π0π0 mode by isospin relation. For triangle
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diagrams these decays are from the term
εµναβ∂µρ
i
ν∂αρ
i
β. (14)
Ignoring the Lorentz indices we have
ρiρi = 2ρ+ρ− + ρ0ρ0,
ρ+ρ− → π+π−2π0, ρ0ρ0 → 2π+2π−. (15)
For the box loop diagrams the related term can be written as
εµναβǫijk∂µρ
i
ν∂απ
j∂βπ
k. (16)
The isospin structures of Eq. (16) is the same as the ρρ (one ρ decays to two pions) of Eq.(6).
Taking the properties of identical particles (ignore the mass difference between charged pion
and neutral pion) this isospin structure predicts
Br(η′ → π+π−π0π0) = 2Br(η′ → π+π−π+π−). (17)
This prediction agrees with the data well [8].
In summary, a chiral field theory has bee applied to study the two decay modes of η′ → 4π.
Theoretical predictions are in good agreement with the data.
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